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ARTICLE INFO ABSTRACT
K?yWOFdSJ The impact of multiple time delays on the dynamics of two disc dynamos with viscous
Disc dynamos friction is studied in this paper. We consider the stability of equilibrium states for different

Chaotic attractors
Hopf bifurcation
Multiple time delays

delay values, and determine the location of relevant Hopf bifurcations using the normal
form method and the center manifold theory. By performing numerical calculations and
analysis, we verify the validity of our analytically obtained results. Our research results
reveal a classical period-doubling route towards deterministic chaos in the studied system,
and play an important role for the better understanding of the complex dynamics of two
disc dynamos with viscous friction subject to multiple time delays.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

In the past five decades, analysis and applications of chaos have been widely explored. It is obvious and necessary to
consider complex dynamics and topological structure in some existing chaotic or hyperchaotic systems [1-5]. Therefore, as
one of the most widespread concern nonlinear topics, magnetic field has attracted the attention of magnetic scientists be-
cause disk dynamo models can often show bifurcation and chaos phenomena. Researchers have been investigating stability,
chaos synchronization and practical applications of disc dynamos [6-15].

From the aspect of dynamo maintenance of the magnetic field of Earth, Bullard has given a single-disk dynamo system
in 1955 [16]. In 1970, Cook and Roberts considered chaotic dynamics in the Rikitake two-disk dynamo [17], which comprises
two disks connected with one another as shown in Fig. 1, and belongs to this one of the simplest systems that simulate the
irregular reversals of the geomagnetic field [18]. Then, Prof. Ershov et al. was aware of the importance of viscous friction
that reduces the angular momentum of the disks, and gave out the following model [19]

){] = —kX] + X2X3,
Xy = —kXy + X1X4,
){3 =1-Xx1x, — V1X3,
X.4 =1 —X1Xy — VyXg,

(1)
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Fig. 1. The two-disk dynamo. The sketch indicates that x; and x, are dimensionless measures of the currents in the loops, while x3 and x4 are proportional
to the angular velocities of the disks.

where x; and x, are the electric currents in the disks, and x3 and x4 are their angular velocities; k is the ohmic dissipation
coefficient, the same for both circuits, and v; and v, are the different coefficients of viscous friction in each disk. When
V1 =1, # 0, a similar model with different torques on the two disks was considered in [17]. When v; = v, = 0, model (1)
could be reduced to the frictionless Rikitake system [18]. However, the assumption about frictionless dynamos is inconsistent
with the findings of the realistic study, which shows that mechanical friction can lead to ‘structurally unstable’ for Rikitake
dynamo [20]. In reality, the disc will not get rid of friction because of its bearings and the brushes that close the circuit
[21,22].

On the other hand, we can not neglect the fact that changes in the core have to be transmitted across the intervening
fluid by Alfvén waves and electromagnetic diffusion. Therefore, understanding the effects of delays in the disc dynamos is
great important. To a first approximation, the following equations without viscous friction were proposed [17] :

){] = —kX1 +X2(t — 'E)X3,
Xy = —kxy + X1 (t — T)Xg,
X'3 =1 *X]Xz(t — 'L'),
X.4 =1 —Xl(t — T)Xz.

(2)

where 7 >0 and T denotes communication delay in diffusion.

In recent years, more and more scholars have begun to pay attention to hidden chaos [23-27]. It means that multistability
is a rich character in many non-linear problems. In many realistic chaotic systems, some deep-seated complex behaviors
have not been studied thoroughly [28-32]. The magnetic field inside the liquid part of the Earth’s core is known to be much
more complex than that at the surface. In 2015, Wei et al. have studied an extended Rikitake system, which can generate
bifurcations and hidden chaos [33]. In 2016, four disk dynamos model from eight degrees of freedom has been presented
and considered from the viewpoint of mathematics [34]. In 2017, hidden chaos and hyperchaos have been found in the 3D,
4D and 5D self-exciting homopolar disc dynamos [35-38].

However, many fundamental questions, such as complex chaotic behavior and the effect of multiple time delays, are still
not solved theoretically. Although time delays are often very small in practical situations, they cannot be ignored and can
cause a series of complex phenomena. Therefore, the effect of multitime delays is considered as an important factor, which
will be closer to reality. Compared to the case of single time delay or the case without delay, research on multitime delays
will be more close to the actuality and helpful to understand the disc dynamos. It is meaning for us to consider the case
that three communication delays due to diffusion may be incorporated into the Rikitake model. More precisely, base on
existing results and facts, we describe the delayed disc dynamos with viscous friction by

X1 = —kx1 +x,(t — 12)X3,
){2 = —sz + X1 (t - T )X4,
X3 =1—=x1%(t — 73) — V1X3,
X4 =1—x1(t — T1)Xy — VaXa,

(3)

where 1; > 0(i = 1, 2) represent communication delays in different diffusion pathways and v;(i = 1,2) denote viscous fric-
tion in each disk. The research in this paper can be seen as an improvement and a supplementary of systems (1) and (2).

Here, the frame of this article is constructed: In Section 2, Hopf bifurcation analysis of the multiple-delayed disc dynamos
with viscous friction is considered. In Section 3, some characteristics of the bifurcating periodic orbits are confirmed. In
Section 4, the numerical results of Hopf bifurcation analysis are given out. Moreover, for the proposed two disc dynamos
with viscous friction and multiple time delays, changes of delays will be a key to produce chaos through period doubling
bifurcation. Finally, the conclusions are stated in Section 5.
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Fig. 2. Chaos occurs for system (3) when 7; =0.001 < 70,7, =0.02 < 79,73 = 0.2 > 7 and initial conditions (0.9, 0.9, 0.65, 1.2): (a) Phase portraits in
X1 — X, — X3 space; (b) Time series for te [0, 200]; (c) Phase portraits on x3 — x, plane; (d) Phase portraits on x; — x4 plane.

2. Stability of equilibria and Hopf bifurcation analysis of system (3) with multiple delays

It is clear that when k./777; > 1, system (3) has only one equilibrium
1 1
Eo = (0, 0,—, —).
U1 1
When k,/177; < 1, system (3) has three equilibria

1 1 ke, ke,
Eg=1(0,0, —, — ),E15 = | e, L&y, —, —
0 ( s ,vl,vz), 1,2 < €1, =€, e e )

where e; = \/(1 — kyh77) /%,ez = \/(] — khv3) %

In particular, for parameter values k = 1,v; = 0.004, v, = 0.002 and delays 7; = 0.001, 7, = 0.02, 73 = 0.2, chaos ex-
ists with initial conditions (0.9, 0.9, 0.65, 1.2). The chaotic attractor and its different projections are shown in Fig. 2. There-
fore, understanding delays’ characteristics of the chaotic disc dynamos with viscous friction is of great importance in po-
tential applications. Complexity also arises in another form when different types of attractors coexist for fixed parameter
values. Fig. 3 shows an example for multistability with delays 7; = 0.001, 7, = 0.02, T3 = 0.005 where a stable equilibrium
and chaos coexist for initial conditions (0.9, 0.9, 0.65, 1.2) and (0.1, 0.5, 0.1, 0), respectively. Therefore, depending on the
given initial state, the trajectories of the system selectively tend to one of the attracting sets.

To understand properties of this system (3) better, we analyze the stability properties of equilibrium point and Hopf
bifurcation under different conditions about delays.

The characteristic equation of system (3) at Eg is

1

(Hv])(uvz)(xz 42k 42 — —) -0 (4)
V1V,
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Fig. 3. Time series of xq, X, X3 and x4 when t; = 0.001, 7, = 0.02, t3 = 0.005. Multistability occurs at different initial conditions: (a) Initial conditions (0.9,
0.9, 0.65, 1.2); (b) Initial conditions (0.1,0.5,0.1,0).

Hence if k,/U77; < 1, equilibrium Ej is an unstable saddle. If k./777; > 1, equilibrium E; is a stable node. From a physical
view that the viscous friction will be very small, we will focus on the case k./7;7; < 1 into key account and analyze com-
plex dynamics around equilibria E; , when 74 3> 0. Because of symmetry (X1, Xy, X3,X4) —> (—X1, —X2,X3,X4), we only
consider equilibrium E;. By the linear transform

kez

keq
X]—>X1+91,X2—>X2+€2,X3—>X3+— X4—>X4+e—
€ 1

the equilibrium E; in (3) is transferred to the origin (0,0,0,0), and system (3) becomes

. ke
m:—mr+;hxb4w+@&+@a—awa

. ke,
Xp = e—Xl(f—T1)—kX2+€1X4 + X1 (t — T1)X4, (5)
1

X:3 = —eX1 —e1Xy(t — T3) — V1X3 — X1 X (t — T3),
X4 = —exX1(t — T1) — e1Xy — VaXq — X1 (£ — T1)X2.

Then, the characteristic equation at equilibrium (0,0,0,0) is
M4 k411 4+ v2)A3 + (K2 + 2kvy + 2kvy + 111, + €2 + e3)A2
+ (K201 + K*vy + 2kviv, + ke? + v1e? + ke2 + 1v,€3) A
+ K*v1v; + kvie? + kuyes + edes 4 e (T B) (kuyed — e2es + kezx)
+ e MOFR) (kyge? — kPuivy + (—kP; — Ky + ke2)h — k2A2) = (6)

Casel. 11=1p=13=0
Characteristic Eq. (6) becomes

A+ 2K) (A3 + (U1 + 12)A? + (Vv + €2 +e2)A + v1e? + 1,e3) = 0. (7)

According to the Routh-Hurwitz criterion, equilibria Eq , are both asymptotically stable since (v; +v)(v1v; +e$ +e§) -
(v1€2 +1v262) = v}, + 1112 + 1282 + V1€ > 0.

Remark 2.1. Complex dynamics and numerical results have also been extracted from system (3) when 71 = 7, = 73 = 0 and
viscous friction vq, > 0 [19].

Case2. 11 =13=0,7, >0
The characteristic equation of system (3) with t; = 73 =0, 7, > 0 at the equilibrium 0(0, 0, 0) is

bo + b1k +byA? + b3A3 + A% + e 2% (bg + bsh + baA?) =0, (8)
where

by = K*v1v; + kvie? 4 2kvyed, by = K2y + K2y 4 2kvqv; 4 ke? + v1e? + 2ke3 + v,€3,

by = k* 4+ 2kvy + 2kv, + V1V, + €2 + €3, by =2k+v; + 1y,

by = —k?, bs = —k*v; — K*vy + ke, bg = —k*viv; + kvsel.
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If iw (w>0 and w is related to 7,) is the imaginary root of Eq. (8), we can obtain

bo + bg cos(Taw) + bs sin(taw)w — byw? — by cos(Trw)w? + w* = 0,

—bg sin(Tyw) + by + bs cos(Tyw)@ + by sin(T,w)w? — bsw® = 0. (9)
Then,
b3 — b2 + (b? — 2bgb; — b2 + 2bsbg)w? + (2bg + b3 — 2b1b3 — b3)w* + (=2by + b3)w® + w? = 0. (10)
Noticing that b3 — b2 = 4k?v, (kvy + €2) (v1€2 + v2€2) > 0, we can know Eq. (10) has at most four positive real roots.
Here we assume that Eq. (10) has finite positive roots w;, (i=1,...,s,s < 4). Substituting ; into Eq. (9), we have
1 .
a[arccos(Pl) +2jm], Q >0,
ni)=1" (11)

a[27'[ —arccos(P) +2jm], Q <0,
i

where

P = bsw;(byw; — b3w?) — (bsw? — bg) (bg — byw? + w)
1= b% + b2w? — 2bsbsw? + biw} ’
w;i(bobs — b1bg + b1b4w12 - b2b5wi2 + b3b6w"2 _ b3b4wl4 ki bswfl)

B2 + b2w? — 2babew? + B’

Q=

)

and 1 <i<s;j=0,1,....

Theorem 2.1. For 11 = 13 =0, T, > 0, the following conclusions hold:

(1) If Eq. (10) has no real roots, the equilibria E; , are asymptotically stable for all T, >0, and system (3) does not undergo
Hopf bifurcation at the equilibria Eq ;;

(2) We define 120 =min{r, (i, j)|1 <i<s,j=0,1,....} and suppose [d(g?)]hrg # 0. If Eq. (10) has positive roots w;, (i =

1,...,s,5 <4)., the equilibria E; , are asymptotically stable for T, (0, ‘EZO). Then system (3) goes through Hopf bifurcation at
the equilibria Ey , when 15 = 0.

Case 3. 71 >O,T2 >O,T3 =0
Characteristic Eq. (6) becomes

do + diA + daA? + d3A3 + A% + 21 (ds + daX) + 2T 2 (dg + dy A + dgA?) = 0, (12)
where

do = K111y + kvie? + kvl +e2e3,  dy = K*vq + kPvy + 2kvivy + ke? 4 v1€2 + ke3 + 1pe2,
dy = (K% + 2kvy 4 2kvy + vivy + €2 +€3, d3 =2k+v; +1,, dy=ke3
ds = kvyel —ele2, dg=—k?, d; = —K*vy —k%vy +ke?, dg = —k*viv; + kvyel.

When 7; = 13 = 0, we denote 2, as stable interval of 7,. Now consider 71 > 0,75 € 25,73 =0, and let A = iw (w>0, w is
related to 7) be a root of Eq. (12). Then the following two equations hold

do + ds cos(tyw) + dg cos(Tow) cos(Tiw) — dg sin(Tow) sin(tyw) + dy sin(t,w)w
+d7 cos(tw) sin(Ta0)w + d7 cos(T,w) sin(tyw)w — dyw?
— dg cos(Tyw) cos(T1w)w? + dg sin(Tyw) sin(t;w)w? + w* = 0,
—ds sin(tyw) — d8 cos(Tiw) sin(T,w) — dg cos(Trw) sin(Tiw) + dyw + d4q cos(Trw)w
+d7 cos(Trw) cos(Tiw)w — d7 sin(Tr,w) sin(tiw)w
+dg cos(Tiw) sin(T20)w? + dg cos(T,w) sin(ty@)w? — dsw® = 0. (13)
We eliminate these items about 7, and get
d3 +d? — d2 + 2dyds cos(T,0) + (2dods — 2d1ds) sin(T,0)w
+ (d? — 2dod; + d2 — d? + 2dsdg + 2dyd4 cos(Trw) — 2dyds cos(T,0) ) w?
+2(d3ds — dydy) sin(t,w)w? + (2dg + d3 — 2dyds — d2 — 2d3d, cos(T,w) + 2ds cos(T,w) ) w?
+2dy sin(t,0)@® 4 (=2dy + d2)w® + @® =0, (14)
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From Eq. (14), one can know at most four positive roots w;(i=1,2,...,N,N < 4). According to (13), let

l[arccos(Pz) +2jm], Q >0,

.. (O]

71(i, j) =

Z[Zn —arccos(P,) +2jm], Q2 <0,
i

wherei=1,2,...,N;j=0,1,... and

P = B Q= Q .
d2 + d2w? — 2dgdgw? + dZw* d2 + d2w? — 2dgdgw? + d2w*

132 = dpdg cos(Trw) + dsdg cos(2Trw) + ((dod7 + dqdg) sin(tyw) + (dsd7 + dadg) sin(QT,w))w
— ((dodg + d1d7 + dydg) cos(Tyw) + (dsdg + dad7) cos(2Trw))W?
— (d1dg + dady + dsdg + 2dadg cos(T20)) sin(tyw)W? + (dadg + d3dy + dg) cos(Ty0)wW?
+ (d3dg + d7) sin(Ty0)W’ — dg cos(T2)WP,

0 = dods sin(t,w) + (d4dg — dsd; — dod7 cos(Tow) + d1dg cos(Trw))w
+ (d1d7 — dodg — dadg) sin(Tyw)W? + ((d2d7 — dqdg — dsds) cos(Tow) — dadg)W?
+ (dodg — d3dy + dg) sin(Taw)W* + (d3dg — d7) cos(Ta)W° — dg sin(To)WP.

(15)

We denote 'L'l0 =min{r;(i, j),i=1,2,..., N;j=0,1,...}. Let A(t1) = a(71) +io (t1) be the root of Eq. (17) and suppose

dRe())
|: dn i|r1=t°750'

(16)

Theorem 2.2. Suppose 13 =0 and 1, € (0, ‘L’ZO). If Eq. (14) has positive roots and (16) are satisfied, all roots of Eq. (12) have
negative real parts for t; € [0, 1'10). Moreover, the equilibria E; 5 of system (3) are asymptotically stable when 1 € [0, 1'10). Addi-

tionally, system (3) undergoes a Hopf bifurcation at the equilibria E; , when 71 = 110.

Case4. 71>0,7,>0,73>0
Characteristic Eq. (6) becomes
Po+ D12+ D2A% 4+ p3d® + A% + e B (ps + par) + €T (pg + prh + Per®) =0,

where

po = K2v1v2 + kvye? + kinel + e2e2,  py = k2vy + K2y + 2k vy + ke? + vie? + kel + v,€3,
D2 = K2+ 2kvy +2kvy + 111y + €2 4 €3, ps=2k+v1 + 15, py=ked, ps=kiv,es — e,

D = —]{2, D7 = —k2v1 - k2U2 + ke%, Ps = —k2v1v2 + kme%.

(17)

We know equilibrium E(xg, yg, zg) of Eq. (17) is asymptotically stable when 77 € (0, r10), 75 € (0, 1:20) and 73 = 0. Now we

consider t3 as a parameter.
Let A =iw (w >0, w is related to 73) be a root of Eq. (17). Then we obtain
Do + cos(Tiw) cos(T3w) ps — sin(Tyw) sin(T3w) ps + cos(Tr,w) cos(Tiw) pg — Sin(Tr,w) sin(tyw) pg
+ cos(T3w) sin(Tyw) paw + cos(T1w) sin(T3w) paw + cos(Tiw) sin(trw) p7w
+ cos(Tyw) Sin(T1w) p7w — Prw? — cos(Tyw) cos(T1w) pew? + sin(T,w) sin(ty@) pew? + w* = 0,
— cos(T3w) sin(T1w) ps — cos(T1w) sin(T3w) ps — Cos(T1w) Sin(Taw) pg — Cos(Trw) sin(T1w) pg
+ p1w + cos(T1w) CoS(T3w) paw — SIN(T1w) SIN(T3W) P4 + COS(TLw) COS(T1W) p7w
— sin(T,) sin(T0) p7w + cos(T1@) sin(T,w) psw?* + cos(T,w) sin(t;@) pew? — psw® = 0.
Then
Mo + M@ + Myw? + M3’ + muw? + msw® + mew® + myw’” + w8 =0,

where

Mo = p§ — P2 + 2 cos(T,w) cos(T1w) poPs — 2 Sin(T1®) sin(T2) poPs + P,

m; = 2cos(Trw) sin(tyw) pop7 + 2 cos(T1w) Sin(Tr,w) pop7 — 2M sin(Tiw) p1ps — 2 cos(Tiw) sin(Tw) p1 ps.

my = p3 —2pop2 — 5 — 2 €0S(To) cOS(T1w) PoPe + 2 SIN(T1 @) Sin(T,@) PoPe
+ 2 cos(tyw) cos(tiw)p1p7 — 2 sin(tyw) sin(tow) p1p7 + p%
—2cos(Taw) cos(Tiw) p2Ps + 2 sin(T1w) sin(Taw) p2Ps — 2PsPs.
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m3 = 2 cos(T,w) sin(tyw) p1ps + 2 cos(T1w) Sin(T,w) p1ps — 2 cos(T,w) sin(tiw) p2p7
—2cos(tyw) sin(t,w) pap7 + 2 cos(Tow) sin(tyw) p3ps + 2 cos(tyw) sin(T,w) p3 Ps,
My = 2po + P3 — 2P1P3 + 2 €os(T,0) €0S(T1w) p2Pe — 2 sin(T1w) sin(To@) P2 ps + P
—2cos(taw) cos(tyw) p3p7 + 2 sin(tyw) sin(t,w) p3p7 + 2 cos(Taw) cos(Tiw) pg — 2 sin(tiw) sin(t,w) ps,

ms = —2cos(Tow) Sin(T1w) p3Ps — 2 COs(T ) Sin(Taw) p3Ps + 2 cos(Tw) sin(tyw) p7 + 2 cos(tyw) sin(tr,w) p7,
Mg = —2py + p% — 2 cos(tyw) cos(Tiw) pe + 2 sin(tiw) sin(t,w) pe,
m; = 0.

From Eq. (19), one can know at most eight positive roots w;(i=1,2,...,N, N < 8). According to (18), let

l[arccos(Pg) +2jm], Q: >0,
nip=17 (20)

a[271 —arccos(P;) +2jm], Q3 <0,
i

wherei=1,2,...,N;j=0,1,... and

P Q3

B R O T g
P; = —cos(t1@) pops — cos(Taw) psps + ((P1P5 — PoPa) SIN(T10) + (P4ps — Psp7) Sin(T2w))w

+ ((p2Ps — P1P4) €0S(T1w) + (PsPs — PaP7) COS(T2))W?

+ (sin(Tyw) paps — Sin(T10) p3ps — SIN(T2w) paPs)W? + (P3Pa — Ps) COS(T1w)W* — sin(T1) paw?,
Qs = sin(T1@)pops — Sin(T20) psps + ((p1Ps — PoPa) cos(T10) + (Psp7 — Paps) €OS(T2))W

+ ((P1Pa — P2Ps) SIN(T1@) + (PsPs — Pap7) Sin(T20) )W

+ (cos(T1w) p2 P4 — COS(T1w) P3Ps + COS(To) P4Ps)W? + (Ps5 — P3Pa) SIn(T)W* — €OS(T10) p4w.

We denote 1'30 =min{r3(i, j),i=1,2,..., N;j=0,1,...}. Let A(t3) = a(73) +io (73) be the root of Eq. (17) and suppose

[dRe(A)] Lo 1)

dTg

Thus, the following results will hold with 71 >0, 75 >0, T, >0.

Theorem 2.3. Suppose that t; € (0, ‘L'lo), 75 € (0, 120). If Eq. (19) has positive roots and (21) are satisfied. all roots of Eq. (17) have
negative real parts for t3 € [0, 'L'30). Moreover, the equilibria E; , of system (3) are asymptotically stable when 13 € [0, 130). Addi-
tionally, system (3) undergoes a Hopf bifurcation at the equilibria E; , when 13 = 1'30.

Remark: When 7y = 75 = 13 = T > 0 and viscous friction v;, = 0 (In fact, it is not possible), numerical results for the
special case of (3) were considered by Prof. Cook’s work [17]. Here, we will study the effects of different delays and viscous
friction in system (3) theoretically, which are closer to the actual reality.

3. Direction of Hopf bifurcations and stability of the bifurcating periodic orbits

If 11 < 1:10, Ty < rzo and 13 = ‘L'30, results of the Hopf bifurcations at equilibrium E; are analyzed by utilizing the central

manifold theorem [39-43].
System (24) can be transformed into a FDE in C € C([—1, 0], R*) as

u(t) =Ly (ue) + f(p, ue), (22)

where u(t) = (uy(t), up(t), u3(t), ug(t))T € R4, and L,: C— R4, f: Rx C— R4, ur(0) = u(t +0) e C are given, respectively, by

L(@®) = (8 + KJB(O) + (29 + k>H¢(_j;) + (e +0Ug (—’%,) + (@ +OTR-1),
3

3
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where
I 0 0 0 0 0 0
—K ey ke
oo k0 e |, = 0 00
—e 0 -1 o | 01 0 0 o ’
0 —eq 0 ) 0 0 0 0
-2
0 %ﬁ 0 0 0 0 0 O
2 0 0 0 O
U=sfo o 0 0oT=|g o o
0 0 0 0 O 0 0 0
0 0 0 0
and

d(t) = (P1(8). P2(t), P3(t), pa(t))",
T*
o) (—é)%(o)

T\ (0
flau) = (u+19) ¢]< T30>¢4()
—$1(0)a(—1)

6201 (—jo)

3

Based on the Riesz representation theorem, there is a 4 x 4 matrix function n(@, w) in 6 € [-1, 0] such that

0
L) =L dn@. wp(®). for ¢ eC.

Now we choose

(2 +k)J+H+U+T) 6 =0,

W +kH+U+T)  Oe|-2L 0),
53
5 Tf
n@O.n) =1 @ +U+T) 96[—,20’—;0)’
3 3
.[*
T+ KT 96(_’_;0)'
3
0 0=-1.

For ¢ € C([—1,0],R*), define
do(0)
g

A(M)¢= 0
f_l dn(E. )PE)., 6 =0,

and

0, 0 e[-1,0),
RIS =1 fu.p). 0=0.

Furthermore, system (22) can be rewritten in form of an operate equation
u(t) = A(pue + R()ue,
where u:(0) =u(t+0),0 < [-1,0].
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For ¢ e C1([0, 1], (R*)*), we define

_dy (s
ds ’

/0 dn" (¢, 0)% (—t), s=0,
-1

and a bilinear inner product

se (0,1],
AY(s) =

_ 0,0 _
<. ¢ >= P (0)$(0) 7/71 /E:Ow(s —0)dn(0)¢ (&)dE,

273

(24)

where 1n(6) = n(0,0). Obviously A* and A(0) are the adjoint operators, and have some eigenvalues. We need to calculate

the eigenvectors of A(0) and A*, corresponding to ia)or30 and —iwy7?

Let q(0) = (1,a, B, y)Tei“’Ofg be the eigenvectors of A(0). i.e. A(0)q(0) = iwot30q(9). It is easy to obtain

, Tespectively.

el@+m)@0 (kg — w2 + €3 + ikwo + iv1wp)e;

o= . : A
e (—eB @0k — iel™ ke + eit220e2)

(—ieiBk — jei@k + woei®e0)e,
el ok(—ivy + wo) + iein@oe’

e*il’lwuez (eifgwok(U] + la)()) _ eifzwn e% + ei(T2+r3O)w0€iﬁw” (kvl — a)g + e% + ikwo + iv] COO))
(—ivy + wp) (€™ 0k (—ivy + wo) + ieit2@oe?)

Similarly, we can let g*(s) = D(1, a*, B*, )/*)Te"s‘”oﬁ0 be the eigenvector of A* corresponding to —iwg, and have

e (ivy + wo) (—kvy + ikwo + iV1wo + w3 — e2)e;
(iU] + 600)(/(1}2 - lka)o — e%)ez

o

s

€
1 —iwy’
eiti@oed (—kvy + ikwo + i1 wo + W3 — €2)
(iv1 + wo) (ikv, + kao — ie?)e; '

p =

=
Here D is a constant making < g*(s), q(6) >= 1. By (24), we get

- 0 0 -
<0'0.90)> = ¢ a0 - [ [ 3E 0@

0 p0 - . .
=GO~ [ [ ba.d .y O mdn@) e by e dg

0
§-(0)q(0) — G-(0) / 0y (6)q(0)

= ¢*(0)q(0) + G* (0) (t;He ™ 4 T3Ue 0% 4 rITe 0%)q(0)

D<l +aar+ BB +yyr —afre@nrle, — yreTmenge,

are Mook, ae Mkre
+ 1€ 2 2>.
€2 €
Therefore, we let D have the following form
1

_ > _ _ 290 0 i areM®krie; | @e2%ktye, |
T+aoar+Bp*+yy  —apreBotje, — yrenonrie, + SE208 + SE—208

D =

The coordinate will be computed to describe the center manifold Cy at u =0 by using the same notation as shown in

[39-42]. Let u; be the solution of (23) when u = 0. Define
z(t) =< q*, up >, W(t,0) =u (0) — 2Re{z(t)q(0)}.

On manifold Cjy, it can be obtained:

2 52 3
W(t,0) =W(z(t),z(t),0) = Wzo(Q)% + Wy (9)22+W02(0)% +w30(9)% +oe

(27)
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where z and Z are local coordinates for the manifold C; in the directions of ¢g* and g*. Note that W is real if u; is real, so we
deal with real solutions only. For solution u; € Cy, since u =0, we have

z(t) = l(fkl'3 z+ < q*(0), f(O,W(z(t),z(t),0) + 2Re{z(t)q(0)}) >
= iwoT9z + q*(0) ((f(0. W (z(t). Z(t). 0)) + 2Re{z(t)q(0)}).
Let f(0, W (z(t),z(t),0) + 2Re{z(t)q(0)}) = fo(z.Z), then

2(t) = ion,z + q*(0) fo (2. 2),
and

z(t) = iop,z + &(2, 2),
where

g(z.2) =gzo§+guzi+goz§+gz1Z;—Z+~-- (28)
Since

@) = (1o, B, y) ™

and

Xt (0) = (u1c(0), uz(0), us (0). ua (6)) = W(t.0) +2(£)q(0) + Z(t)q(6).

From (28),
8(z,2) =q*(0) fo(z. 2)
2 ( 0)¢3(0)
)
P I C
—$1(0)p2 (1)

—2(0)¢1 ( )

3
:ng{qbz( %)¢3(0>+a¢1( f,)¢4<0> B 1 (0)da(~1) — y* ¢2(0>¢1( g)}
3 3 3

Comparing with the coefficients of (28), we can easily to find
220 = 2DTY (@ Be 0% 4 grye T — Brae 0T — prgeminTi),
gn = D‘L'30 (O-tﬁeiwgrz* +Oz*yeiwor]* _ d[g*eiworg _ J-/aeia)or]* + Bae—iworz* +a'*)7e—iworl* _ ﬂ_*ae—iworf _ y*&e—iwor{)’

202 = 2DTY (Baei™ T + arpe i@t — Brqei®o™ — yrqel@ot),

&1 = zﬁré){; Wi (0)@eier +;W§§>< 2,) + Wi (Q)ae ™0 4 pW, (—%)
*d*<;W53> () 1 2wy (2)) + Wi 0)e et 4y WD (%)
B ( W 0)aeln™ + 2w<2)( D+ Wi @ + WiP (1))
—y (1w<2>(0)e'wofr + %dw;y(—]) + WD (0)eion awlg”(—n)}. (29)

Therefore, W5o(0) and W1;(6) must be worked out. From (23) and (27), we have

AO)W — 2Re{g*(0) foq(6)}. 6 € [-1,0)

W=t —2q-24 = {A<0>w ~ 2Re{d(0) oq(8)} + fo. 6 = 0.
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Let

2Re{q*(0)foq()}. 6 € [-1.0)

H(2.0) = {2Re{q‘*<0)foq(0>} T fof=0.

We rewrite (30)
W =AW +H(z.286).
where
- z? _ 72
H(Z’Z,9)=H20(9)§ +H11(9)ZZ+H02(9)5+---~ (31)

From (30) and (31) and the definition of W, expanding the series and comparing the coefficients, we use series expansion
and compare the coefficient to obtain the following equations

(A(0) — 2iwg)Wao(8) = —Hz0(0), A(0)W11(0) = —H11 (8). (32)
From (30), we know that for 6 € [-1,0),
H(z.2.6) = —*(0) foq(6) — q*(0) foG(0) = —g(2.2)q(0) — &(z. 2)§(6).
Comparing with the coefficients of (31),
Hayo(8) = —g209(0) — §02G(0),
Hin(0) = —gnq©@) — 8uq(0). (33)
From (32) and (33) and the definition of A(0),
Who = 2iwWao () + 8209(6) + 802G (0).
Substituting q(0) = (1,«, B )Tei0”“0 into the last equation, one can have
Who(8) = igﬂq(o)eietgwg + igﬁq(o)e—iargwo + Gy eZiOrsﬂ(uo’
wo 3600
and similarly
Wi (0) = — B2 q(0)e 0 1 BLG(0)e "0 4 G, (34)
wo wo
where
G = (G, 6P, 6P ¢,
Gy = (G, G, 6P, G\,
Next we will find the values of G; and G,. For (32), we have
. 0
Wao(®) = [ dn(6)Wao(8) = 2i800Wao (0) — Hio (0). (35)
and
) 0
Win0) = [ dn@Wn () = ~Hn (0), (36)
where n(6) = n(@,0). From Eq. (30), we have
Ha0(0) = —2204(0) — Z02G(0) + 2(cx e~ 07 yemion™i _gqre=in™ _ge~ion™ )T, (37)
and

Hi1(0) = —g119(0) — 81q(0)
+ (&ﬂeiwgrz* + aBe—iworz*’ yeiwgr; + )-/e—i(uorl*, o ae—iwotg’ _qelwot _ O-le—iwoq*)T. (38)

iwg and q(0) are the eigenvalue and corresponding eigenvector of A(0) respectively. Thus we obtain
O .
<ia)oT30 —/ 9'9“"”3(117(9))(1(0) =0,
-1

—iw ro—/o e P dn(6) )G(0) =0 39
073 — | n q@) =0. (39)
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When p =0, we have

Substituting Eqgs. (34) and (37) into Eq. (35

0
. i 0 i 0 : *
(21w0r301—/ 2ifwots dn(9)>61 =270 (afe % ye it _geinT _ge-iwoti)T,
1
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), we obtain

0
/ e—i@wgrfdn(g) _ 7'.30(,_,’_He—2i9a)0t1 ¥ Ue—2i9w0r2 ¥ Te—2i9w0t3°).
1

That is
. keq o T
2iwg + k —Ee—z'wﬂz —e 0 afe-ionts
ke, e—iwoT}
—2iwy T} i _ v
e —e 2iwg + k 0 eq G =2 R
() (2] e—2iwo 2iwg + 14 0 —qe ooty
eze*Z’“’O’T (4] 0 vy + Zin
It follows that
¢ — A c? _ Ap @3 _ A3 4 _ A1y
1 Al -1 A] * 1 A] * 1 A] ’
where
2a fBe~iwoTs kel — g 2ioT; —ey 0
Ap = 2}/64(‘)?11* 2ia)0 + k 0 —eq R
—2qeiwo e e~ 2i®o 2iwg + 1 0
—20e~ @07 e 0 vy + 2iwg
2iwg + k 2a fBe~iwoTs —ey 0
kez :
—2iwy Ty —iwo T}
—Ze—<l®o 2y e i@ 0 —eq
Ap = (] 14 . . ,
e —2qae'wo 2iwg + 14 0
eye~2iwoT] —20e~ @0 0 vy + 2iwg
. ke . -
21&)0 + k . 1 elewor zaﬂe—zwotz 0
2
ke - . -
Az = —e—ze‘z’wofl 2iwg + k 2y e iwoT —e; |,
1 ) )
ey eqe2ivo —2qe~ioo 0
ey 20T} e1 —2ae” Ty, 4 2iwy
. ke . -
2iwy + k 5 1 p-2iwnt; —ey 20 Be it
2
ke - . P
Ay = —e—ze—z“vofl 2iwg + k 0 2ye @0
1 ) . )
ey eqe2iwo 2iwg + 11 —2ae o
eze—2iw0r;‘ e 0 _zae—iwgr;
) ke -
2iwotd + k _ 1 g-2iwot; —ey 0
€
k€2 —2iwy T} : 0
Al = —e—e 0Ty 2iwoTy + k 0 —eq|.
1 .
e eqe~2iwot] 2iwetd +v; 0
626‘72"‘)011* €1 0 %)

Similarly, substituting Eqs. (34) and (38) into Eq. (36), we have

ki
k _xa
1 %
ke
2 k
€1
€ €1
) €1
It follows that
A
M _B2n ~0) _
G, = A, . Gy

—e 0 &'Beiworz* +aBe—iwgrz"
eiwo'r]* Y e—iwu 5

0 —e |G=]| Y L FYE
et _ ye—iwoT]

[ 0 _ el _ ge—iwoty

0 vy

A A A

2 G(a) 23 G(4) 24

Ay Ay Ay’

(40)



where
- i = ke,
aﬂeworz +aﬂe iwy Ty _
. ) €
Ay = | YT 4 peiooti k
7&61-(1)0'[30 _ ae—iworg’ e
_aeiwor{ _ O'(e—iworl* e1
k O'[‘Beiworz* + O[‘B_e—ia)otz*
ke, I I
_ el | e—iwot]
Ap=| ¢ Y Y
e, _&eiwgrg _ ae—iworsﬂ
e, 7ael'(l)[]f1* _ &e—iworf
ke
k -
A e
Key
Ay = |[——= k
23 &
() €1
€ 1
ke
k 1 —ey
€2
ke
Ay = |——= k 0
€1
€ €1 %]
(5} €1 0
ke
k iad ) —ey 0
X %
ke
Ay = —?2 k 0 —e1.
1
() €1 121 0
() €1 0 %)
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0
%1
0

—ey
0

1
0

&ﬂeiwgrz* + aBe—iwotz*

yeiwgrf‘ + J'/e—iwotl*

- 0 i 70
_geiwots _ ge—iwoTs

i * - 1, *
—el®oTi _ ge—iwoT;

dﬂeiworz* + aBe—iwotz*

- i 0 i 0
_qei®Ty _ e—iwoTs

_aeiwg T _ &e—iwg T

yeiwor{ + Pe—iwgfl* ,

—€1],
0

%)

0

€1

s

0
(%)

0

—é1],

0
(]
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Following the basic work in [39,42], we can know the bifurcation direction and the stability of Hopf bifurcation from the
following parameters:

Ci1(0)

M2 =

L =

P2 = 2Re{C;(0)}.

i 1
270()(&0&1 —2lgn)? - §|g02|2)
_Re{G1(0)}

dr |’
Re{ —
el gz

dA
ImG; (0) + lem{m}

3

Op,

0

)

+ &

2

Theorem 3.1. In (41), we choose 77 € (0, ‘L’10) and 1, € (0, 120), then we have
(1) If ;12 > 0(y <0), then the supercritical(subcritical) Hopf bifurcation exists and the bifurcating periodic solutions exist for
73> (13 < T));
(2) The bifurcating periodic solutions are orbitally stable (unstable) if B, <0(B, > 0), and the period of the bifurcating periodic

solutions increases (decreases) if T, > 0(T, < 0).

4. Bifurcating periodic orbits and chaos

(41)

(41)

(41)

(41)

In the previous section, we dealt with existence of Hopf bifurcation of system (3) in detail. In this section, we choose a set
of parameters k = 1, v; = 0.004, v, = 0.002 in Section 2, and give numerical simulations, which will support our analytical
results in Section 3.
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Fig. 4. When 1,3 = 0, Hopf bifurcation for system (3) occurs at 7, = rz = 3.77202. Stable periodic orbit could be found for 7, =4 > r = 3.77202 and
initial conditions (1.2, 1.5, 0.5, 1.4): (a) Time series for t [0, 350]; (b) Time series for te[1200, 1500].

4.1. Numerical simulations about Hopf bifurcation

When 7; = 73 =0, we choose 7, as a parameter. Then from Eq. (20), we have N =2 and w; = 1.4646, w, = 1.5507.
Furthermore, by direct computation,

T7,(1, j) =~ 4.25851 +4.28997j, 15(2, j) ~ 3.77202 + 4.05172},
where j=0,1,2,... Therefore, r2° ~ 3.77202. Moreover,

-1
[C“Ze(“] —0.1606 > 0.
T2 7=1,,713=0

By the Theorem 2.1, equilibrium E; is asymptotically stable for 7, € (0, 120). When 7, exceeds the critical value 120, E; loses
its stability and Hopf bifurcation occurs. when 7, =4 > 120 and initial conditions (1.2, 1.5, 0.5, 1.4), which are shown in
Fig. 4(a) and (b). Bifurcating periodic solution is stable because E; is unstable in system (3) with single delay 7.

When 1, =0.02 < rzo, 73 = 0, we choose 71 as a parameter. Then from Eq. (20), we have N =2 and w; = 1.4322, w, =
1.5782. By direct computation,

71(1, j) ~ 0.0695367 + 4.38706j, 71 (2, j) ~ 3.60062 + 3.98115},
where j=0,1,2,... Therefore, 7; ~ 0.0695367. Moreover,

[dRe()\) !

=0.2497 > 0,
dT]

:|11=‘[0 7,=0.02,73=0

By the Theorem 2.2, equilibrium E; is asymptotically stable for 71 € (0,75 0). When 7, exceeds the critical value t , E1 loses
its stability and Hopf bifurcation occurs. When 7; = 0.1 > 1:1 and initial COIIdlthIlS are (0.9, 0.9, 0.65, 1.2), the correspondmg
dynamics could be depicted in Fig. 5(a) and (d). Periodic solution from bifurcating is stable because E; is unstable in system
(3) with two delays 71 and 75.

From above results, it shows that 110 = 0.0695367, ‘1720 = 3.77202 and choose 73 as a parameter. Then from Eq. (20), we
have N =2 and 13 = 0.0085, w; = 0.6100, w, = 1.4472. Furthermore by direct computation,

73(1, j) =~ 7.0015 + 10.2999j, 73(2, j) ~ 0.008476 + 4.34169,
where j=0,1,2,... Therefore, r3° ~ 0.0085. Moreover,

|:dRe()t) -

d'L'3

] = 0.1606 > 0,
7;=0.001,7,=0.02, 73=1¢

By the Theorem 2.3, equilibrium E1 is asymptotically stable for 7; = 0.001, 7, =0.02 and 73 € [0, 75 0) (Fig. 3(a)). When T
passes through the critical value ‘L' , Eq loses its stability and Hopf blfurcatlon occurs. According to the algorithms derived
in (41) and Theorem 3.1, it follows that C1(0) = —0.0043 — 0.0185i, o = 0.0139, B, = —0.0086. Since wu, >0 and B, <0, the
Hopf bifurcation is supcritical and the direction of the Hopf bifurcation is 73 > 130 = 0.0085 and these bifurcating periodic
solutions around the unstable E; (Fig. 6).
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Fig. 5. When 7, = 0.02, 73 = 0, Hopf bifurcation for system (3) occurs at 7; = 7 = 0.0695367. Stable periodic orbit could be found for 7y =0.1 > 70 =
0.0695367 and initial conditions (0.9, 0.9, 0.65, 1.2): (a) Phase portraits in x; — x, — x3 space; (b) Time series for t e [0, 600]; (c) Phase portraits on x3 — x;
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Fig. 6. When 7; = 0.001, 7, = 0.02, Hopf bifurcation for system (3) occurs at 73 = t = 0.0085. Stable periodic orbit could be found for 73 = 0.04 > 7 and
initial conditions (0.9, 0.9, 0.65, 1.2): (a) Phase portraits in x; — x, — x3 space; (b) Time series for t e [0, 1200].

4.2. Forming mechanism of chaotic attractors

Choosing these parameter values k = 1, vy = 0.004, v, = 0.002, delays 7; = 0.001, 7, = 0.02, and initial conditions (0.9,
0.9, 0.65, 1.2), we have the bifurcation value 73 = ré) =0.008476, and the system (3) undergoes a Hopf bifurcation when
the delay parameter t3 passes 173 = 7:30. Furthermore, to better characterize the effect of t3 for dynamic behavior of the
system (3), we take 73 = 0.15 in Fig. 7(a) and 73 = 0.18 in Fig. 7(b). It confirms that when the parameter 73 stays aloof from
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Fig. 7. Phase diagrams for system (3) with initial conditions (0.9, 0.9, 0.65, 1.2) and different 75 (Omitting starting points): (a) Period-2 orbit for 73 = 0.15;
(b) Period-4 orbit for 3 = 0.18.

3.6
3.4
3.2

3
2.8
2.6
2.4
2.2

2 1 1 1 1 1 1 1 1
0.04 0.06 008 0.1 0.12 0.14 0.16 0.18 0.2

T3

Fig. 8. Period doubling bifurcation occurs from the limit cycles that arose in the Hopf bifurcation. Bifurcation diagram of system (3) with initial conditions
(0.9, 0.9, 0.65, 1.2).

the critical value 73 = r30, period doubling bifurcation occurs from the limit cycles that arose in the Hopf bifurcation (see
Fig. 8). Finally, a chaotic attractor occurs in Fig. 2. This is one of the classic mechanisms through which system (3) enters
into chaotic region. Observe that it begins with the generation of the limit cycles in the Hopf bifurcation at the equilibrium
E;.

5. Conclusion

In this paper, the conditions have been obtained when Hopf bifurcation occurs. The stability of equilibrium is considered
and analyzed for two disc dynamos with viscous friction and multiple time delays. By using the center manifold method
and normal form theory, we also give some properties about Hopf bifurcation and the stability of the bifurcating periodic
solutions. Our theoretical results show that chaos of delayed disc dynamos with viscous friction can be suppressed by a
certain range of delays. Further, the periodic orbits and chaos attractor will appear when delays span a certain values.

Disk dynamo models represent old and interesting topic in field of geomagnetism. Complex dynamical behaviors in ge-
omagnetism need to continue to be studied in the sense of frictions and time delays. More profound discussions and good
results will be provided in the forthcoming study.
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