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Dynamical and Static Multisynchronization of
Coupled Multistable Neural Networks
via Impulsive Control

XiaoXiao Lv, Xiaodi Li

Abstract— This paper investigates the dynamical multisynchro-
nization and static multisynchronization problem for delayed
coupled multistable neural networks with fixed and switching
topologies. To begin with, a class of activation functions as well
as several sufficient conditions are introduced to ensure that every
subnetwork has multiple equilibrium states. By constructing
an appropriate Lyapunov function and by employing impulsive
control theory and the average impulsive interval method, several
sufficient conditions for multisynchronization in terms of linear
matrix inequalities (LMIs) are obtained. Moreover, a unified
impulsive controller is designed by means of the established
LMIs. Finally, a numerical example is presented to demonstrate
the effectiveness of the presented impulsive control strategy.

Index Terms— Average impulsive interval, coupled multistable
neural networks (CMNNs), impulsive control, linear matrix
inequality (LMI), multisynchronization.

I. INTRODUCTION

N the past decades, neural networks have been exten-

sively studied due to their wide range of applications in
different fields, such as signal and image processing, pattern
recognition, parallel computation, and so on [1]-[4]. For
those applications, neural networks are closely dependent
on their dynamic behaviors, mainly on stability, dissipativ-
ity, and synchronization. Therefore, it is an important job
to investigate these dynamic behaviors of neural networks.
During the implementation of neural networks, time delays
would be introduced unavoidably because of finite switch
speeds of the amplifiers and inherent communication time
between neurons [5], [6]. As we know, time delays might
lead to undesired dynamics such as oscillation, instability, and
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some complex phenomenon [7], [8]. Consequently, the delayed
neural networks have become active research topics and
many interesting results have been proposed (see [9]-[14]).
Synchronization is an important dynamical behavior that is
widespread in nature and in artificial systems, such as fireflies
in the forest, migratory geese, applause, distributed computing
systems, chaos-based communication network, and so on.
In the past decade, synchronization of complex dynamic
networks has attracted increasing attention, which special
attention has been focused on the synchronization of delayed
neural networks [15]-[18]. The problem of event-triggered
network-based synchronization for a class of delayed neural
networks was investigated in [15] and a new approach to
design the controller gain was provided. Bao et al. [17] inves-
tigated the problem of adaptive synchronization of fractional-
order memristor-based neural networks with time delay.
Cao and Wan [18] studied the synchronization of master-
slave inertial bidirectional associative memory neural net-
works by utilizing matrix measure method. So far, many
effective control methods have been put forward to achieve
various synchronization problems, which include H, control
[19], [20], impulsive control [21], [28]-[31], sampled-data
control [22], [23], adaptive control [24]-[26], and fuzzy
control [27] and so on.

Impulsive control as a kind of discontinuous control method
is much attractive because it allows the control action on a
plant only at some discrete instances, and it has found appli-
cations in many areas such as banking and finance, biomedical
engineering, and medicine [28]— [31]. Compared with contin-
uous control, the impulsive control has many advantages such
as easy installation, high reliability, maintenance with low cost,
and high efficiency. In recent years, many researchers focused
their attention on impulsive synchronization of delayed neural
networks. This is quite different from the cases of impulsive
perturbation, which is a type of robustness problem, and
some attractive results have been presented in the literature
(see [32]-[41]). In [32], impulsive distributed control for
synchronization of complex dynamical networks with multiple
coupling delays were studied. Zhang et al. [33] studied the
synchronization of coupled memristor-based recurrent neural
networks with time-varying delays using a delay impulsive
differential inequality. Recently, He er al. [34] studied the
pinning synchronization of coupled neural networks with
both current-state coupling and distributed-delay coupling via
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impulsive control. Lu et al. [35] studied the synchroniza-
tion control of stochastic dynamical networks with nonlinear
coupling using the pinning impulsive control. It shows that
the whole state-coupled dynamical networks can converge
to some special trajectories by placing impulsive controllers
on a small fraction of nodes. In addition, in the process
of investigating neural network, parameter perturbation and
external disturbance are frequently encountered. Therefore,
the robust synchronization of delayed impulsive systems with
uncertainties has very important research significance in prac-
tical applications. In recent years, a series of research results
on robust synchronization of delayed impulsive systems have
been carried out [39], [41]. Utilizing the dual-stage impulsive
control method [39], the robust global exponential synchro-
nization and lag synchronization of uncertain chaotic delayed
neural networks was studied in which different parametric
uncertainties were considered. Tang et al. [41] investigated
the exponential synchronization of coupled Lur’e dynamical
networks with multiple time-varying delays and stochastic
disturbance by an effective distributed impulsive control pro-
tocol. It is worth noting that the above discussed systems have
only one equilibrium state. In fact, many systems in real appli-
cations, such as genetic regulatory systems, biological systems,
and coupled multistable neural networks (CMNNSs), possess
multiple equilibrium states. Achieving multisynchronization
of CMNNs has attracted much attention and become more
challenging. Until now, some interesting work with respect
to multisynchronization have been reported (see [42]-[44]).
He et al. [42] focused on the collective dynamics of multisyn-
chronization among heterogeneous genetic oscillators under a
partial impulsive control strategy. It is worth noting that the
impulsive control for multistable complex systems is still in
early stage. Recently, the concept of dynamical multisynchro-
nization and static multisynchronization was proposed in [44]
and a unified impulsive controller was designed for both the
dynamical multisynchronization and static multisynchroniza-
tion of the delayed CMNNs with directed topology. Then,
Zhang [43] derived some algebraic conditions for achieving
the static multisynchronization of coupled fractional-order
neural networks with fixed or switching topologies based on
impulsive control schemes in which the multisynchroniza-
tion feature for multistable control systems are characterized.
However, the existing results, such as those in [43] and [44],
are based on the fact that the continuous dynamics are
destabilizing and the impulsive effects are stabilizing, and in
this case, it usually requires that the flows to be persistently
interrupted by impulsive signals. Thus, the upper bound of
the impulsive intervals is needed for impulsive multisynchro-
nization. Note that the disadvantage of those results lies in
that the multisynchronization control cannot be achieved if
there exist irregular impulsive signals, especially for impulsive
signals in low frequency. More methods and tools should
be explored and developed for multisynchronization con-
trol under irregular impulsive signals. These motivate this
paper.

In this paper, we aim to further investigate the dynam-
ical multisynchronization and static multisynchronization of
delayed CMNNs with directed topology by impulsive control
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strategy. The main contributions include: first, we develop
the method of average impulse interval or average dwell
time for impulsive systems or switched systems [45], [46] to
CMNNSs. Some average dwell-time based sufficient conditions
for dynamical multisynchronization and static multisynchro-
nization of delayed CMNNs with fixed or switching topologies
are derived, where the requirement on the upper bounds of the
impulsive intervals is fully removed. More exactly speaking,
as long as the average impulse interval constant satisfies
certain condition, it iS not necessary to impose restrictions
on the upper bounds of impulsive signals. Second, in practical
communicating networks, uncertainty cannot be avoidable by
data pack loss in information transportation, modeling error,
external perturbation, or parameter fluctuation. Thus, the para-
metric uncertainties are fully considered when designing the
impulsive controller in this paper. Third, we do not impose
any restriction on differentiability of time-varying delays and
thus our designed controllers can be applied to the case that the
time delay cannot be exactly observed and the differentiability
of the time delay is unknown.

The remainder of this paper is organized as follows.
In Section II, we introduce some preliminary knowledge.
In Section III, some impulsive control results for dynami-
cal multisynchronization and static multisynchronization of
CMNNs with fixed and switching topologies are presented,
respectively. In Section IV, a numerical example and its
simulation are provided and a conclusion is finally given
in Section V.

II. PRELIMINARIES

Notations: Let R denote the set of real numbers, R is
the set of nonnegative real numbers, R” is the n-dimensional
real spaces equipped with the Euclidean norm | - | and R"*"
is the n x m-dimensional real spaces, Z; is the set of
positive integer numbers, and Amax () and Apin (&) are the
maximum and minimum eigenvalue of matrix <7, respectively.
o/ > 0 or o/ < 0 denotes that the matrix </ is a symmetric
and positive or negative definite matrix. &/ ® % denotes
Kronecker product of matrices < and %A. Z, represents the
n-dimensional identity matrix, 1y is the N-dimensional vector
with its elements equal to one, and A = {1,2,...,n}. For
any A,BCR(1 <k <n),CAB) ={p: A— Bis
continuous}, C'(4,B) = {¢p : A — B is continuously
differentiable}. Notation = always denotes the symmetric block
in one symmetric matrix.

Consider a delayed CMNNs with parametric uncertainties,
which is described as

Xi(t) = =(A+ AA)xi(1) + (B + AB) f (xi (1))
H(C+AO) fxi(t — (1) + 1(1) +ui(r) (1)

where x;(t) € R” is the state vector of the ith subnetwork at
time 7, i = 1,2,..., N, N > 2 corresponds to the number
of identical subnetworks; A = diag{aj, az, ..., a,} > 0 is the
self-feedback term; B = [bjluxn, C = [Cjklnxn, J,» k € A,
bjr and cji represent the strength of connectivity between
the jth and the kth neuron of the ith subnetwork at time ¢
and at time r — 7(t), respectively, AA, AB,AC € R""
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are unknown matrices standing for parameter uncertainties;
fi@) = [filin®), HLxia0), ..., falxin@)]", where
fi(), j € A represent neuron activation function; u;(r) € R"
represent the control input, /() € R" is a continuous function
of period @w; and 7(¢) is the transmission delay and satisfies
0 < 7(t) < r, where 7 is a given real constant.

In order to increase the number of equilibrium states of
the subnetwork, we present a class of nondecreasing piece-
wise linear activation functions [47], [48], which can be
described as

ul, —c0 <s < pl
J J
uz-—ul-
i 7 1 1 1 1
—pl . <5 <g!
I T —pj)tuj,  pp=s=gq,
J
] 1 2
us, q; <s < ps
fils) = 4" J i
u;+1_u; r r r r
ﬁ(S—Pj)-f‘uj, P;=s=4q;
CIjl p;
u;+, q; <5 <400

where r > 1, {ulj}lr;“l1

Pk, qﬁ., [ = 1,2,...,r are constants with —oco < p} <
qj{<p§<qu<--- <P <qj < +oo.

Remark 1: The standard activation function of neural net-
work is the saturation function, i.e., fj(s) = (s + 1| —
|s — 1])/2. However, this paper studies the multistable neural
networks, which require to ensure that every subnetwork has
multiple equilibrium states. Obviously, the activation func-
tion (2) can divide the R” into (2r + 1)" parts, which can
store many more patterns or associative memories than the
saturated function. By Lemma 1 and Lemma 2 in [44], every
subnetwork of delayed CMNNS (1) with activation function (2)
has (2r + 1)" periodic orbits or equilibrium points. Among
them, (r 4+ 1)" are locally exponentially stable and others are
unstable.

Let S1(2), $2(¢), ..., S¢+1)n(t) denote the (r + 1)" locally
exponentially stable periodic orbits or locally exponentially
stable equilibrium points of every subnetwork of the delayed
CMNNs (1). Thus, S(r) € {Si(®), | = 1,2,...,( + D"}
indicates that S(¢) is one of the locally exponentially stable
periodic orbits or locally exponentially stable equilibrium
points of delayed CMNNSs (1).

Definition 1 [44]: The CMNNSs are said to achieve dynam-
ical multisynchronization if the following conditions hold.

1) For any initial value x(0) = [xlT(é‘),sz(H),...,
x{,(@)]T, where x;0) € C(—7,0L,R"), i = 1,
2,...,N, there exists Sf(rf) € R" such that
limyooxi(t) = §f@), I € {1,2,...,(r +1)"} is a
certain positive integer, and 1y ® S/ () is therefore
referred to as the synchronization manifold for the given
initial state.

2) There exist at least two different initial states x’(0)
and x”(0) such that the corresponding synchronization
manifolds, 1y ® S/(t) and 1y ® S;(z), satisfy the
following condition: there exists d > 0 such that Vx(¢) €
(x(1), 0 < |x(t) — Iy ® Sf ()| < 6, x(1) € RN",
t > to, } where x(#) is not a point on 1y ® S/ (¢).

is an increasing constant series,
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Especially, if Sf(r) = S with S being some constant,
the CMNN:Ss are said to achieve the static multisynchronization.

Remark 2: The multiple synchronization manifolds are
denoted by set S = {Iy ® S, [ = 1,2,...,(r + )"},
where (r + 1)" is the number of multiple synchronization
manifolds. Due to the multiplicity and complexity of multiple
synchronization manifolds, little work currently focused on
them. The key features of dynamical multisynchronization
and static multisynchronization of delayed CMNNs (1) are
that there must be more than one synchronization manifold
in the delayed CMNNs (1), each synchronization manifold is
an independent individual, and there is no interaction effects
between them. But each synchronization manifold is closely
related to the initial state, the delayed CMNNSs (1) will reach
complete synchronization when the initial state is given.

Assumption 1: The parameter uncertainties matrices
AA, AB, and AC satisfy

AATAA <kol,, ABTAB <kil,, ACTAC < kI,

where kg, k1, and k» are the three given positive constants.

Assumption 2: The activation function satisfies the
Lipschitz condition, i.e., there exist positive constants / ]f , and
Yu, v € R, such that

1£i@) = fi@) < u—vl, jeA,

define L; =diag{t!,1],...,1]}.

Definition 2 ( [45], [46]): The average impulsive interval
of the impulsive sequence ¢ = {#1,7,---} is equal to T,
if there exist No € Z4 and T, > 0 such that

T —1t

a

YT >t>0

where impulsive sequence ¢ satisfying 0 = #) <1 < th <

<t < .-, limgLootfr = o0o0. N-(T,t) denotes the
number of impulsive times of the impulsive sequence ¢ on
the interval [z, T').

Lemma 1 [32]: Let0 < 7(t) <7, F(t,u(t),u(t—1())):
R4+ x R x R — R be nondecreasing in u(t — 7(¢)) for each
fixed (¢, u(t)) and I} (u(t)) : R — R be nondecreasing in u(z).
Suppose that u(r), v(t) satisfy

{D+u(t) < F(t,u(®),ut —t(1), t#n
u(ty) < Ie(u(t;)), ke,
and
[D+v(t) > F(t,0(t),0(t — (1)), t#1
o) = L(o(r;)), ke,

Then, u(t) < v(t) for —z <t < 0 implies that u(r) < v(¢)
for t > 0, where DT u(t) = limj,_, o+ (u(t + h) — u(t))/h).

Lemma 2 [50]: Given matrices A, B, and C with
AT = A, ¢T =, then

A B
[ N Ci| <0
is equivalent to one of the following conditions.

1) A<Oand C —BTA"'B <.
2) C <0and A —BC BT <.
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III. MAIN RESULTS

Before presenting the main results, we introduce the related
graph theory [49].

Graph Theory: Modeling the communication network by a
directed graph (or digraph), G = (V, &, A) with the vertex
set V = {v1,02,...,0,}, the edge set £ € V x V), and the
weighted adjacency matrix A = [a;;]yxy With nonnegative
adjacency elements a;;. The ith agent is represented by v; and
an edge in G is illustrated by an ordered pair (v}, v;). The ith
agent can receive information from the jth agent directly if
and only if (vj,v;) € £. A weighted adjacency matrix A =
laijlnxn, where a;; =0 and a;; > 0 if there is (v, v;) € £.

A directed path in G is an ordered sequence of vertices such
that any two consecutive vertices in the sequence is an edge
of the digraph G. 7Tg = {V1, £7} is said to be a spanning
tree of G if V7 =V and 7g is a directed tree, in which there
exists one special agent without parent, and any other agents
can be connected to this agent through one and only one path.

The diagonal matrix D = diag(d;,d>,...,dy) is called
the degree matrix of G with d; = Z;-V:l a;j. Furthermore,
the matrix £ = D — A is called the Laplacian matrix of G.
A very important property of the Laplacian matrix £ is that
all the row sums of £ are zero and 1y is a right eigenvector
associated with the zero eigenvalue. The eigenvalue O is a
simple eigenvalue of £ and all the other eigenvalues have
positive real parts if G contains a spanning tree.

A. Delayed CMNNs With Fixed Topology

Consider the delayed CMNNs (1) with fixed topol-
ogy, a unified impulsive controller is designed in order
to achieve both dynamical multisynchronization and static
multisynchronization

N
D a0 —xi(0) | 6 — 1)

=L

ui(t) =d

for t € [, tx+1), k € Zy, where d > 0 is the coupling gain
to be designed, a;; is the element of the weighted adjacency
matrix of the digraph G, and J(-) is the Dirac delta function
with impulsive sequence (.
Assumption 3: The digraph G has a directed spanning tree.
By introducing the impulsive effects into system (1), one
can obtain the following model:

()= —[In® (A+ AA))x(t) + Iy ® (B+ AB)]F(x)
+ [In ® (C + AC)|F (x(t — (1))
+ (In @ 1)1 (1), tF 1
Ax(ty) = —dL® In)x(tk_), keZy
(3)

where x(1) = [x] (1), x](1),...,xL (1T, L is the Lapla-
cian matrix associated with the digraph G, F(x(t)) =
LT Gea @), fT (), .., fT v O] and Fx(t — () =
[T = 2@), [Tl — @), ..., [T v = @),
Ax(t) = x(tx) — x(t7), x(tx) = x(t), and x(17) =
limt»zk‘ x(1).
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By defining y;(r) = x;(r) — S(t), CMNNs (3) can be
transformed into the following form:

y(@) =—lN ® (A+AA)]ly(@)+[In ® (B+AB)]F(y(1))
+ N @ (CHAC)F(y( — (1), t#k
Ay() = —(dL & L)y(t; ), kel
4)

where y(1) = [y] ), y1(),....y5®O1" and F(y(r)) =
F(x(1)) — F(S@)).
Moreover, let z; () = y;(t) — yn(t), i =1,2,...,N — 1,

then the system (4) can be further transformed into

[0 ] _ [ 20 5| Fz()

_m)} =4 yN(n} B [ﬂyw»}
T FG&@— @)

_ TELont =) ’(’)’”k
Az(ty) _ 4Lt O z(t,
_AyN(tk)}_ d[L2 0}®In[yN(];k)}

kEZ+

L

where

Fz®) = T @@), T @), .., fTev-1)”
FGi@) = fi) — fn @)

and
i [Uv-1®(A+A4)] 0
= 0 (A+ AA)
5 [Un1®(B+AB)] 0
— | 0 (B + AB)
c— [[In-1 ® (C + AC)] 0
— | 0 (C + AC)
Ly = [lij = INjlv-Dyx(v—1), &, j=1,2,...,N—1
Ly = [Int,In2, - INnv—1) ]
Since z; () = yi()—yn(t) = x; (1) —=S@)—(xn ()= S(1)) =
xi(t) —xn(@), i = 1,2,..., N — 1, the synchronization of

system (4) is equivalent to the convergence property of the
following system:

z(t) = —[In—1 ® (A + AA)]z(r)

+ [In-1 ® (B + AB)]F (z(1))

+ [UnN-1 ® (C+ AO)F (z(t — (1)),
Az() = —(dLy ® L)z(1 ),

t# t
k€Z+.

(5)

The initial condition of (5) is defined as

Zi(s) = ¢i(s),

where ¢;(t) € C([—z, 0], R") is the initial function with norm
is defined by ||gi ()] = SUP_; <5<0 i (s)1.

Based on the techniques of Lyapunov function, average
impulsive interval, and comparison principle [34], [35], the fol-
lowing conclusions can be derived.

Theorem 1: Suppose that Assumptions 1, 2, and 3 hold,
and the average impulsive interval of impulsive sequence
¢ ={t1,n,...} equal to T,. If for given five positive scalars
o <1, vy, d, € and &3, there exist an n x n matrix P > 0,

se[-7,0], i=1,2,...,N—1
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two n x n diagonal matrices S; > 0, i = 1,2, and coupling
gain d > 0 such that the following inequalities hold:

—aly-1 (Iy-1 —dL)T]
[ N Iy | <0 (6
II PB P P PC P
* =S8 0 0 0 0
* * —eoly 0 0 0
* * * —e11, 0 0 <0 )
* * * * -S> 0
* * * * * —&xly |
Ly(koeady + S2)Ly <y P (8)
Ina y
0+ T, + Mo <0 ©)]

where I1 = —PA— AT P+ L s(kie1 1, + S1)L f +koeol, —OP.
Then the system (1) will reach the dynamical multisynchro-
nization.
Proof:
candidate:

Construct the following Lyapunov function

V(t) =z (t)In-1 ® P)z(1).

The derivative of V (¢) with respect to ¢ € [t, tx+1) along the
trajectories of the system (5) is

V() = 2" (1) (In-1 ® P)i(t)
=" (OIn-1 ® (-PA — AT P)]z(1)
— 277 (1) (In—1 ® PAA)z(r)
+27" ([ In-1 ® P(B + AB)IF (2(1))
+ 22T ([ Iy—1 ® P(C + AC)IF(z(r — =(2))). (10)

Under the Assumption 1, inspired by [34], the following
inequality hold:

277 (1) (Iy—1 ® PAA)z(1)
<ey'2 (1) (In—1 ® PP)z(1)
+e0z! (1) (In—1 ® AAT AA)z(1)
< ey 'z (1) (In—1 ® PP)z(1)
+kogoz" () (In—1 ® In)z (1)
227 (t)(In—1 ® PB)F(2(1))
<zl (t)(In—1 ® PBS]' BT P)z(r)
+ F () (In-1 ® SHF(2(1))
< 2T (t)(In—1 @ PBS|' BT P)z(r)
+ 2" () Un=1 ® L S1Lf)z (1)
27 () (Iy-1 ® PAB)F(2(1))
< e '2T (1) (In—1 ® PP)z(1)
+e1F (z()(Iv-1 ® ABT AB)F(z(1))
< e (OUn-1 ® PP)(1)
+hieiz" () UIv-1 ® L)z (0).

(1)

(12)

13)
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Similarly, it can be deduced that

2:7 (1) (In—1 ® PO)F (z(t — 7 (1))
< 2 (1) (Iy—1 ® PCS; ' CT P)z(r)

+27( =) Un—1 @ LrSHLp)z(t — (1)) (14)
227 (1) (Iy—1 @ PAC)F(z(t — (1))
< sglzT(t)(IN_1 ® PP)z(1)
+hoeaz" (t — 1) In-1 ® L)zt — (1)) (15)

where ¢; > 0 and & > 0 are given constants, S; and S, are
positive definite diagonal matrices.
Hence, it follows from (10)—(15) that:
V(e) <" OUn-1 @ Nz(t) +2" (1 = 7(1))
X [In—1 @ Ly (kaealy + S2)Lplz(t — (1))
where A = —PA — AT P +PBS|'BT P+ P(ej ' I + & ' I +
e ' I)P +PCS;'CTP + Ly(kierly + S1)L s + koeoln.
It then follows from (7) and (8) that:
V() <07 () (Un_1 @ P)z(t) + yz" (t — 7 (1)) (In_1 ® P)
x z(t — (1))

=oV(@)+yV(E—r1(r)). (16)
Notice from (6) that
T
[—aINl (In-1 —dLy) }<0
* —Iy—i -
N [—aIN—l + (In—1 —dL)T(Iy-1 —dLy) 0 i| <0
* —IN-i

& —aly—1 + (Iy-1 —dL))" (Iy-1 —dL1) <0
which implies that

V() = 2" () (In-1 ® P)z(tr)
=" (t;)[(Un—1 —dL1) ® I,]" (In—1 ® P)
x [(In—1 —dL1) ® L)z(t;)
2T (1) [Un—1 —dL) (Iy-1 —dLy) ® Plz(t;)
av (). (17)

IA

For any ¢ > 0, let v(r) be a unique solution of the following
delayed impulsive system:

o)y =0v()+yot—t@)+e, t#Ki

v(tk)zav(t,:), keZy
N-1

0(s) = Amax(P) D 497, 5 €[—7,0l.

i=1
Note that v(z) > V (¢) for —z <t < 0. Then it follows from
(16), (17), and Lemma 1 that 0 < V(¢) <wo(z), t > 0.
By the formula for the variation of parameters, v(¢) can be
represented as

'
o(t) = W(t,0)v(0) +/ W, s)lyo(s —t(t)) +elds (18)
0

where W (¢, s)(¢t, s > 0) is the Cauchy matrix of the following
linear impulsive system:

[d)(t) = ow(t),

w(ty) = aw(t,;),

t#
k€Z+.



LV et al.: DYNAMICAL AND STATIC MULTISYNCHRONIZATION OF CMNNs VIA IMPULSIVE CONTROL

According to the representation of the Cauchy matrix, one may
derive the following estimation:

W, s) = U™ H a

s<ty <t
— eé(r _S)(ZNC (t,5)

1—3
< =5 g T No

_ a_NOe(5+l;7a)(l‘fs).

(19)
—N, N—1 2 .

Let 1 = a " Anax(P)D;, ligi(s)llZ, then it follows

from (18) and (19) that:
Ina t s, Ina
o) = weHE) 4 / oMo (0 5) =)
0
x[yv(s — (1)) + ¢lds. (20)

Now define y(1) = A4+0+((Ina)/T,)+aNoy e*7, it follows
from (9) that y(0) < 0. Since y(4+00) = +o0 and y'(1) =
1 +7aMye’™ > 0, there exist a unique positive solution
p > 0 such that w(p) = p+5+((Ina)/T,) +aNoyelt =0.
Let R=—(0+ ((Ina)/T,))a"No — y, then it can be derived
from (9) that R > 0. Hence, it holds that
N—1
() = Jmax(P) D Il ()17
e
< U < pue —}—E, —7 <t =<0.
In the following, we claim that:
o(t) < pe Pt + %, t > 0. (21)

In fact, if the inequality (21) does not hold, then there exists

a r* > 0 such that
o) = pe " 4 = (22)
and
o(t) < pe" + %, 0<t<r* (23)

It follows from (20) and (23) that:
Ina \,.* t* s, Ina *
o) < uelE) +/ oMo ()€ =)

0
x [yv(s —7(t)) + €]ds

L), /f*aNoe(a+';77)<,*s)
0

[ (e 5+ o

IA

IA
=
Q

IA
=
Q

—_
Q

I R
x [—(p+5+ ;a)}de}j)

a (s+52) =)
x/ a N0 \" T T ds
0
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Ina

< ue(6+ ) + e P — ue(é
—& (5 + 1'}—“) aNo

N . u - (ZJF m_a) (1 B e(a#;—:),*)

< pe " 4 %.

Thus,

* &
o(t*) < pe "t + —
() =n -

which is a contradiction with (22), and so (21) holds. Letting
¢ — 0, one derives that

dmin(P) 2> < V(1) <o(t) < pe ™, t>0.

Hence, we finally obtain that

/ M —%z
|Z(t)| = j~min(P) ¢

N-1
Amax (P) _oy
—_— ldi(s)]2e” 2" — 0, t— oo
T (Pral ; $1(5)I2
namely
x1()y=x2@)=...=xn(t), t— o0.

Therefore, the system (1) has reached complete synchroniza-
tion when the initial state is given.
Furthermore, consider the Nth subnetwork

An(t) = —(A+ AA)xn (1) + (B + AB) f(xn (1))

+(C+AO) fan(t =) +1(1), 1Fn
AXN(tk)ZEaNj(Xj(t;) —xn (1)), keZ,.
"~ (24)
It follows from (24) that Axy(tx) = 0 as t — oo.

Therefore, the dynamical behavior of the Nth subnetwork
can be described by the first equation of (24). According
to the above analysis, the Nth subnetwork has (r + 1)"
locally exponentially stable periodic orbits, denoted by
{S1(1), $2(t), ..., S¢+1(1)}. It is easy to obtained that
x1(t) = x() = ... = xy@) = S@), | € {1,2,...,
(r+1)"} as t — oo and S;(t) is determined by the initial
condition. Thus, the dynamical multisynchronization of the
delayed CMNNs (1) with fixed topology has been reached.
This completes the proof. [ ]

Remark 3: In practical application, some deviations of
neural networks parameters may happen owing to the existence
of modeling errors, external disturbance, and parameter fluctu-
ation, which would cause the parameter uncertainty. Therefore,
in this paper, we take into account the parameter uncertainty
when investigating multisynchronization of CMNNs, in which
case, we can deal with the robust multisynchronization of
delayed CMNNS. In this sense, our development results are
more general than some existing results such as [43] and [44].
Moreover, note that the results in [43] and [44] are based
on the fact that the upper bound of the impulsive intervals
is needed, that is, supkeZ+{tk+1 — tx} < B, where f is
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a given constant. It implies that those results are invalid
for multisynchronization subjecting to impulsive signals in
low frequency. While in this paper, we develop the average
impulsive interval method to CMNNSs such that the multi-
synchronization control are independent of the upper bound
of impulsive intervals. It is shown that the upper bound of
impulsive intervals can be large enough or small enough as
long as T, is fixed. When utilizing the multisynchronization
schemes, we only need to design an impulsive sequence for a
given T,. Therefore, from the impulsive effects point of view,
the obtained results are less conservative than [43] and [44].

Remark 4: References [32]-[41] dealt with the synchro-
nization problems of neural networks by impulsive control
strategy and derived some interesting impulsive synchroniza-
tion criteria. Compared with those results, the advantage of
this paper is that the multiple equilibrium states of delayed
CMNN:Ss is addressed, which is different from the synchroniza-
tion criteria in [32]-[41] dealing with only one equilibrium
state. The multisynchronization process of delayed CMNNs
are intricate, but a unified impulsive controller is designed
to achieve multisynchronization of delayed CMNNs in this
paper. Our results show that the proper impulsive control may
contribute to the multisynchronization of neural networks with
multiple equilibrium states.

Assume that 7(t) = I, where I is an arbitrary constant
vector with appropriate dimensions. Based on Theorem 1,
the static multisynchronization of the delayed CMNNs (3)
with fixed topology is derived as follows.

Corollary 1: Consider the delayed CMNNs (3) with
I(t) = I. Suppose that Assumption 1, 2, and 3 hold, and
the average impulsive interval of impulsive time sequence
¢ ={t1,n,...} equal to T,. If for given five positive scalars
o <1, y, 0, ¢ and &3, there exist an n xn matrix P > 0, two
n x n diagonal matrices S; > 0, i = 1, 2, and coupling gain
d > 0 such that (6)—(9) hold, then the delayed CMNNs (3)
will reach the static multisynchronization.

B. Delayed CMNNs With Switching Topologies

Consider the delayed CMNNs with switching topologies,
we design a unified impulsive controller in the form of

N
> @i i) = xi0) | 06 — 1)

=L

ui(t) = d”

for t € [t,tk+1), k € Zy, where o(t) : [0,400) —

{1,2,...,m} is a right-continuous, piecewise constant func-
tion called the switching signal; d°® > 0, o(r) =
1,2,...,m, is the coupling gains to be designed, af.(t) is

the element of the weighted adjacency matrix of the digraph
Gs(); 0(-) is the Dirac delta function and impulsive time
sequence " = {t1, f2, - - - } are mentioned above.

Assumption 4: The digraph G;, i € {1,2,...,m} has a
directed spanning tree.

Hence, the impulsively controlled CMNNs with switching
topologies can then be described by the following impulsive
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differential equation:
X)) =—-[IN®@ A+ AA)]x(@)+ [In ® (B+ AB)]F(x)
+ [N ® (C+ AC)]F(x(t — 7(2)))
+ (v ® 1)1 (2), 1 I
Ax(t) = =@ VL0 L)x (1), keZy
(25)
where £°®) is the Laplacian matrix associated with the
digraph Gg (1.
Based on the above analysis, the system (25) can be further
transformed into

[[ 200 | _ ;[ 20 5| F@)
[mmy‘ALwﬂ+%ﬂm@J

[ FGl—t(0)
+C[ﬂm0—ﬂmﬂ’t#&

Az(t) | _ o0 L 0 [Z(’k)i|
|:AYN(tk):|_ d |:Lg(’) 0 @ I yn (7))

k e Z+
where
o) _ 0@t _ 5000 ——
Ly = [lij _le ](Nfl)X(N,I); i, j=1,2,...,N—1
&) _ o) ;o) (1)
L3 = [0 157 v )

Since zi (1) = yi(t) — yn (@) = (xi(t) — S(1)) — (xn (@) —
S(@) =x;(t) —xny(), i =1,2,..., N — 1, the synchroniza-
tion of system (25) is equivalent to the convergence property
of the following system:

2(t) = —[In-1 ® (A + AA)]z(?)

+ [In-1 ® (B + AB)|F(z(1))
+[IN—1 ® (C+ AO)F (z(t — (1)), t#t

Az(t) = =@ 0L @ L)z(17), k €Zy.

Theorem 2: Suppose that Assumption 1, 2, and 4 hold,
and the average impulsive interval of impulsive sequence
¢ ={t1,n,...} equal to T,. If for given five positive scalars
o <1, y, 0, €1 and &, there exist an n X n matrix P > 0,
two n x n diagonal matrices S; > 0, i = 1, 2, and coupling
gains dco > 0, o(t) ={1,2,...,m} such that (7)-(9) and
the following inequalities hold:

2
N v (26)

Then the controlled CMNNSs will reach the dynamical multi-
synchronization.
Proof: Consider the following Lyapunov function:

V(6) = 2" (1) UIn-1 ® P)z(0).
By Lemma 2, (26) is equivalent to
(-1 =d” LT (Iyoy = aOLT®) < aly-

which implies that

V(i) = 2" () (In-1 ® P)z(te)

= () [(Iv—1 =a"OLT) @ 1] (In-1 © P)

< [(Ivr = "L ) 0 L1
aV(tk_).

IA
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By the method used in Theorem 1, it follows that the
dynamical multisynchronization of the controlled delayed
CMNNSs (25) has been reached. [ |

Assume that 7(t) = I, where I is an arbitrary constant
vector with appropriate dimensions. Based on Theorem 2,
the static multisynchronization of the controlled delayed
CMNNSs (25) is derived as follows.

Corollary 2: Consider the delayed CMNNs (25) with
I(t) = I. Suppose that Assumption 1, 2, and 4 hold, and
the average impulsive interval of impulsive time sequence
¢ ={t1,n,...} equal to T,. If for given five positive scalars
o <1, y, 0, ¢ and &3, there exist an n xn matrix P > 0, two
n x n diagonal matrices S; > 0, i = 1, 2, and coupling gains
d°® > 0, o(t) = {1,2,...,m} such that (7)—(9) and (26)
hold, then the controlled delayed CMNNSs will reach the static
multisynchronization.

IV. NUMERICAL EXAMPLES

In this section, a numerical example is given to demonstrate
the effectiveness of theoretical results.

Example 1: Consider the delayed CMNNs (1) with four
subnetwork and every subnetwork has two neurons, and

7(t) = 2 — sin(¢)
2 0 5 -1 05 0
A:[o 1}’ B:[—o.s 4]’C:[0 1}
s + 1] —|s — 1]

0.8 sin(¢)
2

cos(t)
It is easy to verify that all conditions of Lemma 1 in [44]
hold, so every subnetwork has four locally exponentially stable
periodic orbits, as shown in Fig. 1(a). When I (¢) is replaced by
I =1[0.8 —0.8]7, the condition of Lemma 2 in [44] is satisfied,
therefore, every subnetwork has four locally exponentially
stable equilibrium points, as shown in Fig. 1(b).
Case I (Fixed Topology): The Laplacian matrix is

I -1 0 0
0 I -1 0
0 0 I -1
-1 0 0 1

1(t)=[ } fi(s) =

L::

The impulsive sequence is considered by tg,—5 = 0.048n —
0.028, 16,—4 = 0.048n — 0.018, f6,—3 = 0.048n — 0.013,
ten—2 = 0.048n — 0.008, t6,—1 = 0.048n — 0.003, and
ten = 0.048n, n € Zy, with T = 0.048 and T, = 0.008.
Set No = 1,0 = 1l,a = 091,y = 0.6,ko = kp = 0.01,
k1 =0.03,e0 =1 =1, and e = 2. It is easy to check that
all conditions in Theorem 1 (or Corollary 1) hold using the
linear matrix inequality (LMI) toolbox of MATLAB, and the
feasible solution is given as

p_ 0.2767 0.0095 S — 1.3935 0
~10.0095 03081 | °'7 0 1.3935 |

g _ [0.1223 0
2= 0 0.1223

and the coupling gain is

d = 0.1760.
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Fig. 1. (a) State trajectories of subnetwork with 7(¢) = [0.8sin(z), cos()]”.
(b) State trajectories of subnetwork with 7 = [0.8, 70.8]T.
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Fig. 3. Dynamical multisynchronization of Case I.

The corresponding simulation is shown in Figs. 2-4.
Fig. 2 shows that the complete synchronization of Example 1
is achieved when the initial values ¢ = [—2, —0.25, 0.25, 2,
—1, =2, 0.5, 1]17. Under the designed impulsive controller,
the dynamical multisynchronization and static multisynchro-
nization of the system with fixed topology are achieved
(see Figs. 3 and 4), respectively, where the variable of the
initial values are randomly chosen in the interval [—4,4].
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xi1,i=1,2,3,4

Fig.

1,234

Xi2,i=1,2,3,4

i1,

-500

-15 -1000
0

Fig. 6. Nondynamical multisynchronization of Case I.

In addition, under same conditions, if we consider
d = 0.086 < 0.1760, which is against our proposed criteria.
In this case, by simulation, one may find from the Fig. 5 that
the dynamical multisynchronization cannot be achieved, which
shows the advantage and efficiency of our proposed criteria.
On the other hand, under the same coupling gain d = 0.1760,
if we choose

2 2 0 0
0 2 -2 0
L=y o 2 -2

-2 0 0 2

In the case, it is obvious that Theorem 1 does not hold.
Fig. 6 tells us that the dynamical multisynchronization cannot
be achieved.

Case II (Switching Topology): Suppose that there are four
digraphs represented by Gi, Gz, G3z,and G4 and the
Laplacian matrices of the four digraphs are

1 -1 0 0 1 -1 0 0
01 -1 0 0 1 —1 0
o=l 0 1 1" 2=l 0 0 1 =1
[0 0 0 -1 0 0 1
2 -1 -1 0 2 -1 -1 0
0 1 -1 0 0 2 -1 -1
L=y 0 2 —1|" &= 0 2 i
-1 0 0 1 -1 -1 0 2

and the network topologies switch stochastically every T
among the four states. The other parameters are the same
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Fig. 7. Dynamical multisynchronization of Case II.

Fig. 8. Static multisynchronization of Case II.

as Case IL. It is easy to check that all conditions in Theorem 2
(or Corollary 2) hold using the LMI toolbox of MATLAB, and
the feasible solution is given as

p_ 0.5970 0.0826 S — 2.6180 0
~10.0826 05922 17 0 2.6180

g _ [03858 0
2= 0 0.3858

and the coupling gains are
d' =0.3881, d*=0.4265, d° =0.3962, d* = 0.6288.

The corresponding simulation is shown in Figs. 7 and 8. The
dynamical multisynchronization and static multisynchroniza-
tion of the delayed CMNNs with switching topologies are
achieved (see Figs. 7 and 8), respectively, where the variable of
the initial values are randomly chosen in the interval [—4, 4].

Remark 5: Recently, the dynamical multisynchronization
and static multisynchronization of the delayed CMNNs have
been studied in [43] and [44]. Especially, the dynamical
multisynchronization and static multisynchronization of the
delayed CMNNs with parameters in Example 1 have been
studied in [44] under the assumption that the upper bound of
impulsive intervals satisfies t,41 — t; < 0.01 for all n € Z.
Note that in this paper, using the average impulsive interval
method, there is no restriction on the upper bound of impulsive
intervals, such as fg,_5 — t6n—6 = 0.02 > 0.01 which violates
the criteria in [44]. Hence, in this sense the obtained results in
this paper are more general than the results in [43] and [44].

V. CONCLUSION

This paper has investigated the dynamic multisynchro-
nization and static multisynchronizationproblem of delayed
CMNNS s with fixed topology and switching topologies, respec-
tively. Some multisynchronization criterion with less con-
servatism have been established by combining the average
impulsive interval method and comparison principle. A unified
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impulsive controller has been designed, which can be easily
checked by LMI control toolbox in MATLAB. Moreover,
the robustness of delayed CMNNs has been considered to
ensure that the performance of the system can be relatively
stable. Finally, a numerical example has been used to verify the
effectiveness of the proposed criteria. In the future investigat-
ing, we will explore and develop some other analysis technique
to multisynchronization control of delayed CMNNs.

[1]
[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

REFERENCES

L. O. Chua and L. Yang, “Cellular neural networks: Theory,” IEEE
Trans. Circuits Syst., vol. 35, no. 10, pp. 1257-1272, Oct. 1988.

M. A. Cohen and S. Grossberg, “Absolute stability of global pattern
formation and parallel memory storage by competitive neural networks,”
IEEE Trans. Syst., Man, Cybern., vol. SMC-13, no. 5, pp. 815-826,
Sep./Oct. 1983.

B. Kosko, “Adaptive bidirectional associative memories,” Appl. Opt.,
vol. 26, no. 23, pp. 4947-4960, 1987.

Z.-H. Guan, G.-S. Han, J. Li, D.-X. He, and G. Feng, “Impulsive
multiconsensus of second-order multiagent networks using sampled
position data,” IEEE Trans. Neural Netw. Learn. Syst., vol. 26, no. 11,
pp. 2678-2688, Nov. 2015.

Z. Wang, Y. Liu, and X. Liu, “On global asymptotic stability of neural
networks with discrete and distributed delays,” Phys. Lett. A, vol. 345,
nos. 4-6, pp. 299-308, Oct. 2005.

Y. Chen, S. Fei, and Y. Li, “Robust stabilization for uncertain sat-
urated time-delay systems: A distributed-delay-dependent polytopic
approach,” IEEE Trans. Autom. Control, vol. 62, no. 7, pp. 3455-3460,
Jul. 2017.

X. Li and J. Cao, “An impulsive delay inequality involving unbounded
time-varying delay and applications,” IEEE Trans. Autom. Control,
vol. 62, no. 7, pp. 3618-3625, Jul. 2017.

X. Li and S. Song, “Impulsive control for existence, uniqueness, and
global stability of periodic solutions of recurrent neural networks with
discrete and continuously distributed delays,” IEEE Trans. Neural Netw.
Learn. Syst., vol. 24, no. 6, pp. 868-877, Jun. 2013.

C.-K. Zhang, Y. He, L. Jiang, Q. H. Wu, and M. Wu, “Delay-
dependent stability criteria for generalized neural networks with two
delay components,” IEEE Trans. Neural Netw. Learn. Syst., vol. 25,
no. 7, pp. 1263-1276, Jul. 2014.

H. Zhang, Z. Wang, and D. Liu, “A comprehensive review of stability
analysis of continuous-time recurrent neural networks,” IEEE Trans.
Neural Netw. Learn. Syst., vol. 25, no. 7, pp. 1229-1262, Jul. 2014.

J. Cao, K. Yuan, and H.-X. Li, “Global asymptotical stability of
recurrent neural networks with multiple discrete delays and distributed
delays,” IEEE Trans. Neural Netw., vol. 17, no. 6, pp. 1646-1651,
Nov. 2006.

X. Yang, J. Cao, and J. Lu, “Synchronization of randomly coupled neural
networks with Markovian jumping and time-delay,” IEEE Trans. Circuits
Syst. I, Reg. Papers, vol. 60, no. 2, pp. 363-376, Feb. 2013.

X. Zhang, X. Lv, and X. Li, “Sampled-data based lag synchronization
of chaotic delayed neural networks with impulsive control,” Nonlinear
Dyn., vol. 90, no. 3, pp. 2199-2207, Nov. 2017.

I. Stamova, T. Stamov, and X. Li, “Global exponential stability of a class
of impulsive cellular neural networks with supremums,” Int. J. Adapt.
Control Signal Process., vol. 28, no. 11, pp. 1227-1239, Nov. 2014.

J. Lang, Y. Zhang, and B. Zhang, “Event-triggered network-based
synchronization of delayed neural networks,” Neurocomputing, vol. 190,
pp. 155-164, May 2016.

X. Mu and Y. Chen, “Synchronization of delayed discrete-time neural
networks subject to saturated time-delay feedback,” Neurocomputing,
vol. 175, pp. 293-299, Jan. 2016.

H. Bao, H.-P. Ju, and J. Cao, “Adaptive synchronization of fractional-
order memristor-based neural networks with time delay,” Nonlinear
Dyn., vol. 82, no. 3, pp. 1343-1354, Nov. 2015.

J. Cao and Y. Wan, “Matrix measure strategies for stability and syn-
chronization of inertial BAM neural network with time delays,” Neural
Netw., vol. 53, pp. 165-172, May 2014.

H. C. Yan, F. F. Qian, H. Zhang, F. W. Yang, and G. Guo, “Hxo fault
detection filtering for mechanical spring-mass systems over networked
systems with incomplete information,” IEEE Trans. Ind. Electron.,
vol. 63, no. 9, pp. 5622-5631, Sep. 2016.

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

(38]

[39]

[40]

6071

H. Zhang, Q. Hong, H. Yan, F. Yang, and G. Guo, “Event-based
distributed Heoo filtering networks of 2-DOF quarter-car suspension
systems,” IEEE Trans. Ind. Informat., vol. 13, no. 1, pp. 312-321,
Feb. 2017.

J.Lu, D. W. C. Ho, J. Cao, and J. Kurths, “Single impulsive controller for
globally exponential synchronization of dynamical networks,” Nonlinear
Anal., Real World Appl., vol. 14, no. 1, pp. 581-593, Feb. 2013.

Z.-G. Wu, P. Shi, H. Su, and J. Chu, “Exponential synchronization
of neural networks with discrete and distributed delays under time-
varying sampling,” IEEE Trans. Neural Netw. Learn. Syst., vol. 23, no. 9,
pp. 1368-1376, Sep. 2012.

C. Hua, C. Ge, and X. Guan, “Synchronization of chaotic Lur’e systems
with time delays using sampled-data control,” IEEE Trans. Neural Netw.
Learn. Syst., vol. 26, no. 6, pp. 1214-1221, Jun. 2015.

L. Shi, H. Zhu, S. Zhong, K. Shi, and J. Cheng, “Cluster synchro-
nization of linearly coupled complex networks via linear and adaptive
feedback pinning controls,” Nonlinear Dyn., vol. 88, no. 2, pp. 859870,
Apr. 2017.

L. Shi, H. Zhu, S. Zhong, K. Shi, and J. Cheng, “Function pro-
jective synchronization of complex networks with asymmetric cou-
pling via adaptive and pinning feedback control,” ISA Trans., vol. 65,
pp- 81-87, Nov. 2016.

Y. Xia, Z. Yang, and M. Han, “Lag synchronization of unknown chaotic
delayed Yang—Yang-type fuzzy neural networks with noise perturbation
based on adaptive control and parameter identification,” IEEE Trans.
Neural Netw., vol. 20, no. 7, pp. 1165-1180, Jun. 2009.

S. Wen, Z. Zeng, T. Huang, and Y. Zhang, “Exponential adaptive lag
synchronization of memristive neural networks via fuzzy method and
applications in pseudorandom number generators,” IEEE Trans. Fuzzy
Syst., vol. 22, no. 6, pp. 1704-1713, Dec. 2014.

T. Yang, Impulsive Systems and Control: Theory and Applications.
New York, NY, USA: Nova, Sep. 2001.

X. Li and S. Song, “Stabilization of delay systems: Delay-dependent
impulsive control,” [EEE Trans. Autom. Control, vol. 62, no. 1,
pp. 406411, Jan. 2017.

X. Li and J. Wu, “Stability of nonlinear differential systems with state-
dependent delayed impulses,” Automatica, vol. 64, pp. 63—69, Feb. 2016.
S. Dashkovskiy and A. Mironchenko, “Input-to-state stability of non-
linear impulsive systems,” SIAM J. Control Optim., vol. 51, no. 3,
pp. 1962-1987, 2012.

Z.-H. Guan, Z.-W. Liu, G. Feng, and Y.-W. Wang, “Synchronization
of complex dynamical networks with time-varying delays via impulsive
distributed control,” IEEE Trans. Circuits Syst. I, Reg. Papers, vol. 57,
no. 8, pp. 2182-2195, Aug. 2010.

W. Zhang, C. Li, T. Huang, and X. He, “Synchronization of memristor-
based coupling recurrent neural networks with time-varying delays and
impulses,” IEEE Trans. Neural Netw. Learn. Syst., vol. 26, no. 12,
pp. 3308-3313, Dec. 2015.

W. He, F. Qian, and J. Cao, “Pinning-controlled synchronization of
delayed neural networks with distributed-delay coupling via impulsive
control,” Neural Netw., vol. 85, pp. 1-9, Jan. 2017.

J. Lu, J. Kurths, J. Cao, N. Mahdavi, and C. Huang, “Synchronization
control for nonlinear stochastic dynamical networks: Pinning impulsive
strategy,” IEEE Trans. Neural Netw. Learn. Syst., vol. 23, no. 2,
pp. 285-292, Feb. 2012.

W. Zhu, D. Wang, L. Liu, and G. Feng, “Event-based impulsive control
of continuous-time dynamic systems and its application to synchroniza-
tion of memristive neural networks,” IEEE Trans. Neural Netw. Learn.
Syst., to be published.

W. Zhang, Y. Tang, X. Wu, and J.-A. Fang, “Synchronization of
nonlinear dynamical networks with heterogeneous impulses,” IEEE
Trans. Circuits Syst. I, Reg. Papers, vol. 61, no. 4, pp. 1220-1228,
Apr. 2014.

W. Zhang, Y. Tang, Q. Miao, and W. Du, “Exponential synchro-
nization of coupled switched neural networks with mode-dependent
impulsive effects,” IEEE Trans. Neural Netw. Learn. Syst., vol. 24, no. 8,
pp. 1316-1326, Aug. 2013.

H. Zhang, T. Ma, G.-B. Huang, and Z. Wang, “Robust global exponential
synchronization of uncertain chaotic delayed neural networks via dual-
stage impulsive control,” IEEE Trans. Syst., Man, Cybern. B, Cybern.,
vol. 40, no. 3, pp. 831-844, Jun. 2010.

Z. Tang, J. H. Park, and J. Feng, “Impulsive effects on quasi-
synchronization of neural networks with parameter mismatches and
time-varying delay,” IEEE Trans. Neural Netw. Learn. Syst., vol. 29,
no. 4, pp. 908-919, Jan. 2018.



6072

[41]

[42]

[43]

[44]

[45]

[46]

[471

(48]

[49]

[50]

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 29, NO. 12, DECEMBER 2018

Z. Tang, J. H. Park, and W.-X. Zheng, “Distributed impulsive synchro-
nization of Lur’e dynamical networks via parameter variation methods,”
Int. J. Robust Nonlinear Control, vol. 28, no. 3, pp. 1001-1015,
Feb. 2017.

D.-X. He, G. Ling, Z.-H. Guan, B. Hu, and R.-Q. Liao, “Multisynchro-
nization of coupled heterogeneous genetic oscillator networks via partial
impulsive control,” IEEE Trans. Neural Netw. Learn. Syst., vol. 29, no. 2,
pp- 335-342, Feb. 2018.

J.-E. Zhang, “Multisynchronization for coupled multistable fractional-
order neural networks via impulsive control,” Complexity, vol. 2017,
Aug. 2017, Art. no. 9323172.

Y.-W. Wang, W. Yang, J.-W. Xiao, and Z.-G. Zeng, “Impulsive mul-
tisynchronization of coupled multistable neural networks with time-
varying delay,” IEEE Trans. Neural Netw. Learn. Syst., vol. 28, no. 7,
pp. 1560-1571, Jul. 2017.

J. Lu, D. W. C. Ho, and J. Cao, “A unified synchronization
criterion for impulsive dynamical networks,” Automatica, vol. 46, no. 7,
pp. 1215-1221, Jul. 2010.

J. P. Hespanha, D. Liberzon, and A. R. Teel, “Lyapunov conditions
for input-to-state stability of impulsive systems,” Automatica, vol. 44,
no. 11, pp. 2735-2744, Nov. 2008.

L. Wang, W. Lu, and T. Chen, “Coexistence and local stability of
multiple equilibria in neural networks with piecewise linear nondecreas-
ing activation functions,” Neural Netw., vol. 23, no. 2, pp. 189-200,
Mar. 2010.

C.-Y. Cheng, K.-H. Lin, C.-W. Shih, and J.-P. Tseng, “Multistability for
delayed neural networks via sequential contracting,” IEEE Trans. Neural
Netw. Learn. Syst., vol. 26, no. 12, pp. 3109-3122, Dec. 2015.

C. Godeil and G. F. Royle, Algebraic Graph Theory (Graduate Texts in
Mathematics), vol. 207. New York, NY, USA: Springer, 2001.

S. Boyd, L. E. Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix
Inequalities in System and Control Theory. Philadelphia, PA, USA:
SIAM, 1994.

XiaoXiao Lv was born in Shandong, China, in
1991. She is currently pursuing the Ph.D. degree in
control theory with the School of Mathematics and
Statistics, Shandong Normal University, Shandong.
Her current research interests include neural net-
works, stability, and impulsive control theory.

Xiaodi Li received the B.S. and M.S. degrees in
applied mathematics from Shandong Normal Uni-
versity, Jinan, China, in 2005 and 2008, respectively,
and the Ph.D. degree in applied mathematics from
Xiamen University, Xiamen, China, in 2011.
From 2014 to 2016, he was a Visiting Research
Fellow with the Laboratory for Industrial and
. Applied Mathematics, York University, Toronto, ON,
Canada, and the University of Texas at Dallas, USA.
A He is currently a Professor with the Department of
Mathematics, Shandong Normal University, Jinan.
He has authored or co-authored over 70 research papers. His current research
interests include stability theory, delay systems, impulsive control theory,
artificial neural networks, and applied mathematics.

Jinde Cao (F’16) was with Yunnan University,
Kunming, China, from 1989 to 2000. In 2000, he
joined the Department of Mathematics, Southeast
University, Nanjing, China. From 2001 to 2002,
he was a Post-Doctoral Research Fellow with the
Department of Automation and Computer Aided
Engineering, Chinese University of Hong Kong,
Hong Kong. He is a Distinguished Professor, the
Dean of the School of Mathematics, and the Director
of the Research Center for Complex Systems and
Network Sciences, Southeast University, Dhaka,
Bangladesh.

Mr. Cao is a member of the Academy of Europe. He has been named
Highly Cited Researcher in Mathematics, Computer Science and Engineering
by Thomson Reuters. He was an Associate Editor of the IEEE TRANS-
ACTIONS ON NEURAL NETWORKS, the Journal of the Franklin Institute,
Neurocomputing, and the Differential Equations and Dynamical Systems. He
is an Associate Editor of the IEEE TRANSACTIONS ON CYBERNETICS, the
IEEE TRANSACTIONS ON COGNITIVE AND DEVELOPMENTAL SYSTEMS,
Mathematics and Computers in Simulation, and Neural Networks.

Matjaz Perc completed his Ph.D. thesis on noise-
induced pattern formation in spatially extended
systems with applications to the nervous system,
game-theoretical models, and social complexity.

In 2010, he became the Head of the Institute of
Physics, University of Maribor, Maribor, Slovenia,
where he became a Full Professor of physics in
2011. In 2015, he established the Complex Systems
Center Maribor. He is currently Professor of physics
with the University of Maribor, where he is the
Director of the Complex Systems Center Maribor.
His research has been widely reported in the media and professional literature.

Dr. Perc is member of Academia Europaea and is one of the most cited
physicists according to Thomson Reuters Highly Cited Researchers. In 2009,
he received the Zois Certificate of Recognition for outstanding research
achievements in theoretical physics. He received the Young Scientist Award
for Socio-and Econophysics in 2015. He is an Outstanding Referee of the
Physical Review and Physical Review Letters journals and a Distinguished
Referee of Europhysics Letters.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


